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NOTATION 


(All  lower-case  symbols 
precede  all  capital-letter  symbols) 


a 


a 

a R A 


ai 


b 


An  arbitrary  integer  (Lemma  1 only) ; an 
arbitrary  property  (Lemma  3 only) 

A variable  ordered  n-tuple  of  integers  a^ 

Tbe  member  a of  G0  bears  the  relation  R 
to  the  subset  A of  B 

The  ith  component  of  at  satisfying  0 < a^  < b^; 
also  (Section  3 only)  the  right-hand 
side  of  the  ith  congruence  of  the 
system  (2) 

A member  of  Gk-1  whose  existence  is  proved 
in  Theorem  9 
The  ith  component  of  a° 

The  Jth  of  several  members  of  GQ  discussed 
in  the  same  context 
The  ith  component  of  a^ 

Sum  of  a1  and  a2  under  the  operation  of 
addition  defined  on  GQ 
An  arbitrary  integer  (Lemma  1 only);  an 
arbitrary  property  (Lemma  3 only) ; 
the  common  value  of  b-j_  • b2  ■ ...  * bn 
(Theorem  12  only) 


iv 


b 


d 


d(ij 


d(C) 


g 

«k 


h 


• • • 


A fixed  ordered  n-tuple  of  positive  integers  b^ 
The  ith  component  of  b 
An  arbitrary  property 

The  greatest  common  divisor  (a,  b)  (Lemma 
1 only) 

The  greatest  common  divisor 
d(Cr)  » d( i^ce  ...  zj^) 

" (bik»  bc»  be * •••  » b2*  bjk> 

z) 

The  greatest  common  divisor  (b^,  bj,  ...  , b ), 
where  {b^,  b^,  ...  , b^}  is  a subset 
of  the  set  of  components  of  b 
The  greatest  common  divisor 

d(ice  ...  z j ) — ( b^ , b^ , b^ , • • • » b^ , b ^ ) , 
where  C is  the  path  ...  QzQj 

a positive  integer,  defined  to  be  1 if  q = 0 
and  to  be  the  least  common  multiple 
[^1>  dg , ...  , d 1 if  q ^ 0 

H 


The  order  of  the  group  G 

A positive  integer,  defined  to  be  d(ikJk) 

if  a Gk*  and  otherwise  to  be  the 

minimum  positive  residue  of  a.  - a. 

1k  ^k 

modulo  d(ikjk)  as  a varies  over  Gk  ^ 
The  index  of  the  subgroup  K in  the  group  G 
The  index  of  Gk  in 


v 


U;  J) 


k 


m 


m(a) 


q 


t 


An  interference;  a is  said  to  exhibit  the 
interference  (i;  j)  if  and  only  if 
i ^ j and  the  equation  a^  ♦ hb^  = a^  ♦ kbj 
possesses  a solution  in  integers  h,  k 

The  order  of  the  subgroup  K (Lemma  6 only) ; 
also  (Theorem  6 et  seq.)  an  integer 
satisfying  1 1 k 

The  number  of  interferences  in  a specified 

set  of  interferences  (i1;  , ( ig ; jg) , 

...  , (im;  J );  also  (Section  3 only) 
the  least  common  multiple 
Jm^,  mg,  ...  , mj  (specializing  to 
mlm2  •••  ^ in  Theorem  1);  also  (The- 
orem 10  only)  an  integer  satisfying 
1 — m — n 

The  modulus  of  the  ith  congruence  of  the 
system  (2) 

The  number  of  interferences  ( i ; j ) , with 
i < J,  exhibited  by  a 

A fixed  positive  integer,  the  number  of 

components  of  a and  of  b;  also  (Sec- 
tion 3 only) , the  number  of  congruences 
in  the  system  (2) 

The  number  of  paths  in  H connecting  Q,* 

1k 

and  Q. 

*>k 

The  number  of  paths  in  H connecting  Q,t  and 

An  integer  satisfying  2 it  ^ n 


vi 


u 

z 


"t-l 


B 


U 

Cit 

Cti 


rr 

CtJ 

Fn(b) 


The  suia  Q.]_  + + • • • * \ ± 

The  unknown  in  the  system  (2)  of  simulta- 
neous congruences 

A subset  of  B;  in  the  proof  of  Theorem  9 

the  particular  subset  {q,j  , Qj  also 

k Jk 

(Lemma  7 only)  a subgroup 
A subset  of  B of  the  specific  form 


"Co, Q.g  > 


’ Qt-1^ 


The  set  of  points  of  the  linear  graph  H; 

also  (Lemma  7 only)  a subgroup 

A path  QjQcQe  •••  QzQj  in  the  linear  graph  H; 

also  (Lerniaa  7 only)  a subgroup 

The  rth  path  Cr  * QcQ,e  • • • QzQj  of  ‘the 

k k 

q paths  connecting  Q,.  and  Q,. 

xk  Jk 

A path  constructed  in  the  proof  of  Theorem  8 
The  path  Cti  with  direction  reversed 
A directed  path  from  Q,t  to  Q,i 
The  pth  of  the  q^  paths  connecting  Q,t  and 
A directed  path  from  to  Q,j 
The  rth  of  the  q^  paths  connecting  Q,t  and  Qj 
The  number  of  members  of  GQ  which  belong 
to  the  subset  T;  thus,  the  number  of 
members  of  GQ  which  exhibit  no  inter- 
ferences 

A finite  abelian  group 

The  set  of  all  possible  choices  for  a 


vii 


G-^  The  subgroup  made  up  of  members  a of  GQ 

that  exhibit  at  least  the  interferences 

( ^2.  * ( ^2  * ^2^  * •••  * 

H A specific  linear  graph  with  n points  Q. 

and  k - 1 links  (q.  v.) 

J The  subgroup  of  GQ  whose  members  exhibit 

all  possible  interferences 
K In  general  (Lemmas  5 and  6) , a subgroup 

of  a finite  abelian  group  G;  in  par- 
ticular (Theorem  5),  a subgroup  of 
G0  whose  members  exhibit  at  least  the 
specified  interference  (i;  j) 

N The  number  of  objects  in  some  set  of  objects 

N(a)  The  number  of  objects  having  property  a 

N(ab)  The  number  of  objeots  having  properties 

a and  b 

N(a»b»c»  ...  ) 


The  number  of  objects  having  none  of  the 
properties  a,  b,  c,  ... 


H((il»  jpdgi  i2) 


<v  v> 


The  number  of  members  a of  GQ  that  exhibit 


at  least  the  interferences 


(il»  J]_)»  (i£»  ^ ’ ***  * ^m^ 

F^(a^)  The  arithmetic  progression 

{a^  ♦ hb^:  h = 0,  1,  2,  ...  },  v;ith 
period  b^  and  initial  value  a^ 


viii 


Sn 


Q1Q2 


R 


Ri 

S(a) 


T 


[ • 
{ • 


The  ith  point  of  a linear  graph,  in  partic- 
ular of  the  graph  H 

The  first  point  of  that  is  also  a point 
°f  otJ 

The  link  joining  points  Q,^  and  of  a lin- 
ear graph;  is  a link  of  H if  and 

only  if  (i;  j)  is  one  of  the  interfer- 
ences ( ix;  jx),  ( ig ; j2),  ...  , ( ik_! ; jk_x) 


path  which  is  the  collection  of  links 

Q 2.0-2 * ^'2^3*  ***  * Sc-l^k 
A certain  relation  with  domain  G0  and  range 

the  class  of  all  subsets  of  B 

A coset  relative  to  K 

The  ordered  n-tuple 

fci<ai>.  Va2> Fn(a„d 

of  arithmetic  progressions 
The  subset  of  GQ  consisting  of  those  mem- 
bers a for  which  m(a)  = 0;  thus,  the 
subset  whose  members  exhibit  no  inter- 
ferences 

* ...  i ) 

Greatest  common  divisor 

] 

Least  common  multiple 

> • • • > } 

A pair,  triple,  ...  , or  n-tuple,  whether 
ordered  or  not 


••  Q,, 


The 
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SECTION  1 


STATEMENT  OF  THE  PROBLEM 

Let  n be  a fixed  positive  integer,  let 
b - {b^,  bg,  ...  , b^}  be  a fixed  ordered  n-tuple 
of  positive  integers,  and  let  a = -{a^,  a^,  ...  , ar^ 
be  a variable  ordered  n-tuple  of  integers  such  that 
0 — < bi,  i = 1,  2,  ...  , n.  Let  G0  be  the  set 
of  all  b^g  ...  bn  possible  choices  for  a.  With  each 
component  a^  of  each  member  a of  associate  the 
infinite  sequence  = {a.^  ♦ hbj_:  h = 0,  1,  2,  . ..  }. 

Definition.  ( a. ^ ) is  called  an  arithmetic  pro- 
gression with  period  b^  and  initial  value  a^. 

With  each  a in  GQ  associate  the  ordered  n-tuple 
>a(a_)  - {p  , Pgfag),  •••  » Pn(an)|-  of  arithmetic 
progressions.  Let  a.  be  any  member  of  GQ  and  let 
^P i ( e i ) > Pj(aj)y,  i 7*  J > be  any  pair  of  distinct  com- 
ponents of  S(a_). 

Definition.  If  the  equation 
(1)  a^  ♦ hb^  = aj  + kbj 

possesses  a solution  in  integers  {h,  k^,  the  pair 
{pi(ai),  of  arithmetic  progressions  is  said 

to  interfere , and  the  member  a of  GQ  is  said  to  exhibit 
the  interference  (i;  j). 
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2 


It  is  an  immediate  consequence  of  the  definition 
that  a member  a of  G0  exhibits  both  or  neither  of 
the  interferences  (i;  J)  and  ( j ; i).  Thus,  in  count- 
ing the  number  m(a)  of  interferences  exhibited  by  a, 
we  may  restrict  the  count  to  interferences  (i;  J) 
with  i < and  it  is  possible  a priori  that  m(a) 
may  assume  any  integer  value  in  the  interval 
0 lu(a)  £n(n  - l)/2.  Let  T be  the  subset  of  G 

o 

consisting  of  those  members  a of  GQ  such  that  m(a)  = 0, 
and  let  Fn(b)  be  the  number  of  members  of  GQ  which 
belong  to  the  subset  T.  The  problem  undertaken  is 
to  develop  a rule  for  evaluating  Fn(Jb)  . 


SECTION  2 


OUTLINE  OF  THE  ARGUMENT 

In  Section  3 the  Chinese  remainder  theorem  and 
its  generalization  by  Gauss  are  stated  and  proved; 
the  latter  theorem  v/ill  be  our  principal  number-the- 
oretic tool.  The  next  three  sections  describe  the 
evaluation  of  F (b)  in  progressively  finer  detail. 

In  Section  4 the  principle  of  inclusion  and  exclusion 
is  applied  to  express  Fn(b)  in  terms  of  the  sizes 
of  subsets  of  Gq  whose  members  exhibit  specified  sets 
of  interferences,  since  it  turns  out  that  these  sub- 
sets are  simpler  in  structure  than  T.  In  fact,  in 
Section  5 it  is  shown  that,  under  a suitably  defined 
operation,  GQ  is  an  abelian  group  and  these  subsets 
are  subgroups,  some  contained  within  others;  the  prob- 
lem is  thus  reduced  to  the  evaluation  of  the  index 
h^  of  a subgroup  G^  in  a group  G^_-^  containing  it. 

In  Section  6,  which  is  the  heart  of  the  argument, 
h^  is  evaluated  by  means  of  a detailed  comparison 
of  the  constraints  imposed  on  b_  when  a set  of  k inter- 
ferences, or  a subset  consisting  of  k - 1 of  them, 
is  specified;  it  is  convenient  and  natural  to  express 
this  argument  in  the  language  of  linear  graph  theory. 


3 


4 


In  Section  7 an  example  illustrates  the  results  of 
the  two  preceding  sections.  In  Section  8 explicit 
formulas  are  displayed  for  Fn(b),  n * 1,  2,  3,  4. 

In  Section  9 the  formulas  are  illustrated  by  a numer- 
ical example.  In  Section  10  a reduction  principle 
is  noted  which  permits  an  abbreviated  calculation 
in  some  cases. 


SECTION  3 


THE  CHINESE  REMAINDER  THEOREM 
AND  ITS  GENERALIZATION  BY  GAUSS 

Dickson  £l,  pp.  57-64j  traces  the  history  of 
the  problem  of  solving  a system 

(2)  x = a1  mod  m^,  x = a£  mod  m£,  ...  , x s an  mod 
of  simultaneous  congruences  in  one  unknown  with  dif- 
ferent moduli.  Rules  for  solving  (2)  when  a solution 
exists,  in  more  or  less  special  cases,  are  traced 
as  far  back  as  the  Chinese  scholar  Sun-Tsu,  about 
the  first  century  A.  D.  £l,  pp.  57-5ej . Theorem  1 
below,  known  as  the  Chinese  remainder  theorem,  states 
that  a solution  always  exists  (without  restriction 
on  the  a^)  if  the  m^  are  relatively  prime  in  pairs. 
The  special  cases  treated  by  Sun-Tsu  and  by  many  of 
the  later  writers  satisfy  this  condition. 

The  more  difficult  problem  of  formulating  neces- 
sary and  sufficient  conditions  (on  the  a^  and  the 
m^  jointly)  in  order  that  the  system  (2)  be  consist- 
ent was  apparently  not  solved  before  the  eighteenth 
century.  Theorem  2 below  states  such  conditions  in 
what  is  probably  the  most  compact  form  possible. 

We  prove  Theorem  2 following  the  outline  by  Dickson 
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£l,  p.  6s]  of  a proof  (1801)  by  Gauss,  but  Dickson's 
account  does  not  clearly  attribute  priority  to  Gauss; 
the  same  necessary  and  sufficient  conditions  may  have 
been  known  to  Saunderson  (1740)  or  to  Lagrange  (1767) 
pL,  pp.  61-63]. 

Following  the  usual  conventions,  we  denote  the 
greatest  common  divisor  and  least  common  multiple 
of  a set  {c^  c2,  ...  , ck}  of  integers  by 
(c1,  cg,  ...  , ck)  and  Jc^  cg,  ...  , cj  respectively. 
We  agree  that  (0,  0)  = 0,  and  therefore  in  all  cases 
(0,  c)  = (c,  0)  = | c ) • In  later  sections,  when  the 
set  of  integers  is  in  particular  a subset  of  the  set 
of  components  of  b,  we  shall  further  abbreviate 
(bi,  by  ...  , bz)  as  d(ij  ...  z) . 

Lemma  1.  If  d = (a,  b) , there  exist  integers 
p and  s such  that  d s pa  + sb. 

Proof : If  a = b,  d = | aj ; if  either  a or  b is  0, 
their  greatest  common  divisor  is  the  absolute  value 
of  the  other;  thus,  in  either  of  these  cases,  the 
conclusion  is  immediate . If  the  lemma  holds  for  pos- 
itive integers  a and  b,  it  hold3  for  all  integers, 
because  a change  of  sign  in  a or  b can  be  accommodated 
by  a corresponding  change  in  p or  s.  Therefore  we 
assume  without  loss  of  generality  that  a ^ b ^ 0. 

We  take  as  known  Euclid's  division  algorithm,  accord- 
ing to  which  it  is  possible  to  write  a finite  chain 
of  equations 
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(3) 


a = bq  «•  r, 
b = rqx  ♦ rlt 
r = ♦ rg, 


• • • 


0 < r < b, 

0 < r1  < r, 

0 < rg  < r1# 


rk-3  = rk-2lk-l  * rk-l>  0 4 rk-l<  rk-£* 
rk-2  = rk-l*k  * rk*  0 < rk  < rk-l- 

rk-l  = rk?k*l> 

such  that  the  last  positive  remainder  r^  equals  d. 

Ignoring  the  last  equation  in  the  chain  (3), 
we  may  eliminate  r^  from  the  two  preceding  equations 
and  express  r^  as  a linear  combination,  with  integer 
coefficients,  of  rk_3  and  r^  2 . Then  we  may  elimi- 
nate i*k_2  and  express  r^  as  a linear  combination  of 
r^_4  and  r^  , and  so  on.  In  the  final  step  we  may 
eliminate  r and  obtain  an  equation  of  the  form 
d = r^  - pa  ♦ sb,  as  required. 

Lemma  2.  If  (m^,  m2)  = 1,  the  two  congruences 
x = 0 mod  m-^,  x = 1 mod  m2 
have  a common  solution. 

Proof:  By  Lemma  1,  there  exist  integers  p and 

s such  that  pm-^  * sm2  = 1.  Then  x = pru^  satisfies 
x = 0 mod  m^,  x = 1 mod  m2, 


as  required. 

Theorem  1 (Chinese  remainder  theorem) . If 
(mi,  nij)  = 1 for  every  pair  {i,  j},  i / j,  then 
(2)  x » a^  mod  m-j_,  x = a2  mod  m2,  ...  , x = an  mod  mn 
has  a unique  solution  modulo  m = m^riig  ••• 
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Proof:  Since  m^  is  relatively  prime  to  each 

m j , j / i,  m^  is  relatively  prime  to  their  product 
m^iUg  ...  • ••  ran  = m/m^.  Then,  for  each  i, 

i = 1,  2,  ...  , n,  by  Lemma  2 the  two  congruences 
x = 0 mod  m/m^,  x = 1 mod  m^ 
have  a common  solution;  call  it  x^,  and  let 


...  ♦ ax  < 

n n 


x = aixi  + a£X£  * 

Now  for  each  j ^ i,  m^  divides  m/mj  , which  in 
turn  divides  Xj . Then  x^  £ 0 mod  m^,  whence 
x £ a^x^  * a^  mod  m^,  which  is  the  ith  of  the  congru- 
ences (2).  Then  x satisfies  (2).  Then  any  other 
integer  y is  a solution  if  and  only  if  y - x is  divi- 
sible by  each  of  the  m^,  hence  by  their  product  m. 

Thus  (2)  has  a unique  solution  modulo  m,  completing 
the  proof. 

Theorem  2 (Gauss).  A necessary  and  sufficient 
condition  in  order  that 

(2)  x £ a-L  mod  m1,  x £ ag  mod  mg,  ...  , x 5 an  mod  nn 
have  a solution  is  that  (m^,  m ^ ) divide  a^  - a^  for 
every  pair  {i,  3},  i + 3-  There  is  then  just  one 
solution  in  the  interval  0 < x < m,  where 


m 


= £m^ , mg , ...  , mjj . 

Proof:  Let  p-j_,  p2, 


, p^  be  all  the  distinct 


primes  that  occur  in  the  prime-power  factorization 


e 


il 


'i2 


of  m,  and  let  m^  = p^  p2 
i “ 1,  2,  ...,  n,  where  some  exponents  may  be  zero. 

Then  we  notice  first  that  the  system  (2)  of  n congruences 
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is  equivalent  to  the  system 

® A T, 

(4)  x * ai  mod  Pk  ; i * 1»  2,  ...  , n;  k * 1,  2 

of  nq  congruences,  for  x - a^  is  divisible  by  m^  if 

and  only  if  it  is  divisible  by  each  prime-power  fac- 
e , 


ik 


of  in^. 


tor  pk 

Nov;  suppose  that  x satisfies  (2),  or,  equivalently, 


(4).  Suppose  that,  for  some  particular  i,  j , and  k, 

e e 

e^  ~ ejk*  Then  Pk  ^ divides  pk  which  in  turn 

® J \r 

divides  x - a^.  Then  a^  = x * a^  mod  p^  , 
larly  we  conclude  that 

mln  <eik’  V 


Simi- 


Then  a.^  - a^  is  divisible 


a i 5 a j mod  pk 
for  k = 1,  2,  ...  , q. 
by  each  of  these  relatively  prime  moduli,  hence  by 
their  product.  But  their  product  is  (m^,  m^ ) , so 
vie  have  that  (m^,  m^ ) divides  a^  - aj.  Therefore, 
since  the  pair  {i,  J>,  i / J,  is  arbitrary,  the  con- 
ditions hold. 

Suppose  conversely  that  the  conditions  are  sat- 

f f f 

isfied,  and  let  m = p,  ^ pr,  2 . . . p Then  each 

p x c q 

p ^ occurs  in  the  prime-power  factorization  of  one 

K 

or  more  of  the  n ; if  p ^ occurs  in  the  prime-power 

i k 

factorization  of  more  than  one  of  the  m^,  choose  one 

of  the  latter  arbitrarily;  let  ck  = for  the  i such 

that  p,  k occurs  in  the  prime-power  factorization 
K f f f 

of  m^.  Since  (pk  *,  Pr  r)  =1  for  every  pair  \k,  r}, 

k f r,  the  system  of  congruences 

f f f 

J s Cj_  mod  pj_  , x 5 Cg  mod  p2  , ...  , x = c mod  p ^ 
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lias  a unique  solution  modulo  m,  by  Theorem  1.  Call 
this  solution  x. 

Nov/  fix  j and  k,  and  let  i be  the  subscript  such 
f. 

that  p,  K occurs  in  the  prime -pov/er  factorization 

e f. 

of  mi.  Then  e^  < ffc  = eik,  and  pk  divides  pk  , 

v/hich  in  turn  divides  x - ck  * x - a^.  Also 
e 

Pk  divides  (m^,  m^ ) , which  divides  a^  - a^  by  hypoth- 
esis. Then  x ; a.  = aj  mod  pk  and  we  have  estab- 
lished a typical  one  of  the  nq  congruences  (4).  There- 
fore, since  j and  k are  arbitrary,  x satisfies  the 
system  (4),  and  hence,  equivalently,  the  system  (2). 
Since  we  have  already  noted  that  x is  unique  modulo 
m,  tnis  completes  the  proof. 


SECTION  4 


APPLICATION  OF  THE  PRINCIPLE  OF  INCLUSION  AND  EXCLUSION 

We  quote  without  proof  the  principle  of  inclusion 
and  exclusion  in  the  form  stated  by  Riordan  £3,  p.  5lJ . 

Lemma  3 (Principle  of  inclusion  and  exclusion) . 

If  of  N objects,  N(a)  have  property  a,  N(b)  property 

b,  ...  , N(ab)  both  a and  b,  ...  , N(abc)  a,  b,  and 

c,  and  so  on,  then  the  number  Nja’b’c'  ...  ) with 
none  of  these  properties  is  given  by 

N(a»b»c»  ...  ) = N - N(a ) - N(b)  - ... 

♦ N(ab)  ♦ N(ac)  «■  ... 

- N(abc ) - . . . 

♦ • • • • 

Restricting  our  attention  to  interferences  (i;  j) 
with  i < j,  let  N((i1;  j1)(ij2;  jg)  ...  (im;  jm)) 
be  the  number  of  members  a of  Gr0  that  exhibit  at  least 
the  interferences  (i^  j^,  (i2;  jg) , ...  , (im;  Jm) 
with  respect  to  the  fixed  n-tuple  b = {b-^,  bg,  ...  , b 
where  1 im  1 n(n  - l)/2. 
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Theorem  5. 

F (b) =b  b . . .b  -N((l;2))-N((l;3))-...-N((n-l;n)) 
n — 12  n 

♦N((l;2)(l;3))+N((l;2)(l;4))+«..+N( (n-2;n) (n-l;n) ) 

(5) 

• • • • 

♦(-l)n(n'1)/2N((l;2) (1;3) ...(n-l;n) ) . 

Proof:  Theorem  3 is  an  immediate  application 

of  Lemiaa  3.  The  objects  to  be  classified  are  the 
b-^bg  ...  bn  members  a of  G0,  and  the  properties 
a,  b,  c,  ...  are  the  n(n  - l)/2  possible  interferences 

(is  3),  i < J- 


SECTION  5 


APPLICATION  OF  GROUP  THEORY 

We  adapt  from  Ledermann  jjij,  without  proof,  four 
lemmas  from  the  elementary  theory  of  finite  abelian 
groups . 

Lemma  4 jj2,  p.  S,  Theorem  lj  . A finite  set  of 
elements  for  which  a lav;  of  composition  ("addition") 
is  defined  forms  an  abelian  group  if 

(a)  the  set  is  closed  with  respect  to  addition; 

(b)  the  associative  lav;  is  satisfied; 

(c)  the  commutative  lav;  is  satisfied; 

(d)  the  equation  a ♦ x **  b «•  x implies  that  a = b. 

Thus  Lemma  4 states  that,  in  the  case  of  a finite 

set  of  elements,  the  listed  conditions  imply  the  pres- 
ence in  the  set  of  an  identity  element  ("zero")  and 
of  an  additive  inverse  for  each  element  of  the  set. 

Lemma  5 £2,  p.  31,  Theorem  1 J . A non-empty  sub- 
set K of  a finite  group  under  addition  is  a subgroup 
if  and  only  if  it  is  closed  with  respect  to  addition. 

Definition.  The  number  of  elements  in  a finite 
group  is  colled  the  order  of  the  group. 

Lemma  6 (Lagrange’s  theorem)  £_2,  pp.  34-35,  The- 
orem 3J  . If  K is  a subgroup  of  a finite  abelian  group  G, 
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where  the  orders  of  these  groups  are  k and  g respec- 
tively, then  k divides  g,  i.  e . g = hk  for  some  inte- 
ger h.  The  integer  h is  called  the  index  of  K in  G. 
There  exists  a set  of  h elements  r-^,  r2,  ...  , r^ 
in  G such  that  G is  the  union  of  h disjoint  subsets 
R.^  * {x  ♦ r^:  x € K},  i = 1,  2,  ...  , h,  called  cosets 
relative  to  K and  each  with  k members. 

Lemma  7 j^2,  p.  41,  Theorem  e] . The  intersection 
of  subgroups  A,  B,  C,  ...  is  a subgroup  of  each  of 
the  groups  A,  B,  C,  ...  . 

Nov/  we  are  ready  to  start  applying  these  group- 
theoretic  concepts  to  the  problem  of  evaluating  Fn(b) . 

Definition.  Let  a1  = {a^-,  a^,  ...  , a^j  and 
a2  = {a2,  •••  » a2V  be  any  tv/o  members  of  G_. 

Then  their  sum  a^  ♦ a2  is  defined  as  the  unique  ordered 
n-tuple  a3  = {ai>  a2»  •••  » such  that 

ai  “ ai  * ei  m°d  bi»  0 ^ a?  < i = 1,  2,  ...  , n. 

Theorem  4.  GQ  is  a finite  abelian  group  under 
the  operation  of  addition  just  defined. 

Proof ; Since  addition  modulo  b^  is  uniquely 
defined  and  since  0 < a®  < b^  for  each  i,  a3  belongs 
to  Gq  when  a1  and  a2  do;  then  GQ  is  closed  with  respect 
to  addition.  The  associative  and  commutative  laws 
hold  in  Gq  because  they  hold  component  by  component. 
Since  identity  of  two  members  of  GQ  implies  identity 
component  by  component,  and  since  subtraction  modulo 
b^  is  uniquely  defined,  the  cancellation  law  holds 
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in  GQ.  Since  Gq  is  a finite  set,  all  the  requirements 
of  Lemma  4 are  satisfied. 

Theorem  5.  The  subset  K made  up  of  members  a 
of  Gq  that  exhibit  at  least  the  single  specified  inter- 
ference (i;  j)  is  a subgroup  of  GQ • 

Proof : We  note  that  the  defining  condition  (1) 

for  interference  is  equivalent  to  requiring  the  exist- 
ence of  an  integer  x satisfying  simultaneously  the 
congruences 


x = a^  mod  b.,  x = a mod  b . 

By  Theorem  2,  this  condition  is  equivalent  to  the 
condition  that  d ( i j ) = (b^,  b^)  divide  a^  - a^,  1.  e , 
is  equivalent  to  the  condition  that  a^  i a^  mod  d(ij) 
Let  a1  and  a2  be  any  two  members  of  K,  and  let 


a3  r a1  ♦ a2, 


Then 


a^-  = a^-  mod  d(ij),  a2  s aj  mod  d(ij) 


whence 

ai  • ai  f ai  - aj  f aj  s aj  mo(i  cL ( i J ) > 
so  that  a/3  belongs  to  K.  Thus  K is  closed  with  respect 
to  addition.  Further,  K is  non-empty,  for  it  has 
at  least  the  member  £ - {o , 0 , • • • , 0} • Then,  by 
Lemma  5,  K is  a subgroup  of  GQ,  q.  e.  d. 

Now,  in  order  to  evaluate  a term 
N((i1;  J1)(i2;  32)  •••  (imS  Jm))  appearing  in  (5), 
for  each  k,  1 £ k £ m,  let  G^  be  the  subset  made  up 
of  members  a of  GQ  that  exhibit  at  least  the  inter- 
ferences ( i1 ; ( ig ; J2),  ...  , (ik;  Jk) . 
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Theorem  6.  For  each  k,  1 i.  k £.m,  Ok  is  a sub- 
group of  &k_1* 

Proof : We  proceed  by  induction  on  k.  G^  is 

a subgroup  of  GQ  by  Theorem  5.  Suppose  that  Gk_^ 
is  a subgroup  of  GQ  and  of  Gk_2<  Then  Gk  is  the  inter- 
section of  Gq>  of  Gk_^,  and  of  the  subset  made  up 
of  members  a.  of  GQ  that  exhibit  at  least  the  inter- 
ference (ik;  , and  the  latter  set  is  a subgroup 
of  G0  by  Theorem  5;  therefore  Gk  is  a subgroup  of 
G0  and  of  Gk_^,  by  Lemma  7,  completing  the  induction. 

Nov;  appealing  to  Lemma  6 and  letting  hk  be  the 
index  of  Gk  in  Gk-1  for  each  k,  1 ^ k - m,  we  infer 
Theorem  7. 

(b)  N(  ( i J 1 ) ( ig  » J2)  • • • ( ^m  * ^m^  = ^1^2  * * * ^n  ^ h^h2  * * * ^m* 

Proof:  The  order  of  G.  is  b,b„  ...  b . The 

o 12  n 

equation  g 8 hk  in  Lemma  6,  relating  the  order  g of 
a finite  group  G,  the  order  k of  a subgroup  K,  and 
the  index  h of  K in  G,  may  be  rewritten  k = g/h. 

Then  the  order  of  Gx  is  b-jbg  ...  bn/hlt  the  order 
of  Gg  is  ...  b^/h^/hg  s b^bg  * * * b^/hj^hg,  o.nd 

so  on.  Finally,  the  order  of  Gm  is  given  by  the  right- 
hand  side  of  (6).  But  it  is  also  given  by  the  left- 
hand  side  of  (6).  This  completes  the  proof. 


SECTION  6 


GRAPH-THEORETIC  CONSIDERATIONS,  COMPLETING  THE  DERIVATION 

In  Theorems  6 and  7 we  restricted  our  attention 
to  the  evaluation  of  a single  typical  term  (6)  appear- 
ing in  (5).  In  the  present  section  we  restrict  our 
attention  even  more  narrowly,  to  the  evaluation  of 
a single  typical  index  hk  appearing  in  (6).  Thus 
the  value  of  k and  the  interferences  (i^;  ( i2 ; j2) , 

•••  » (ik;  will  be  considered  fixed  throughout 
the  present  section. 

We  can  see  in  advance  that  the  index  hk  of  the 
subgroup  G^  in  G^  ^ must  somehow  be  a measure  of  com- 
parison between  the  system  of  constraints  imposed 
on  a by  the  interferences  ( i^ ; , (i2;  J2) , ...  , 

( i 1;  and  the  system  of  constraints  imposed 

on  a by  these  k - 1 interferences  together  with  (ik;  jk) . 
It  is  not  hard  to  guess  what  may  happen  in  extreme 
cases;  if  (i1;  J^,  U2;  J2)  , ...  , (ik-(1S  Jk-1)  already 
constrain  a so  severely  that  a.  - a.  =0  mod  d(i,L  ) 

ik  * * 

for  all  a in  G^  1,  then  G^  ^ = G^  and  h^  = 1;  at  the 

other  extreme,  if  a.  - a.  varies  through  all  res- 

xk  •'k 

idue  classes  modulo  d(i^k^  as  a varies  over 
then  (as  we  might  expect)  these  residue  classes  can 
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be  put  into  correspondence  with  cosets  relative  to  G^, 
and  hk  = d(ik^k) • 

A general  expression  for  hk  is  eventually  given 
in  Theorem  9,  but  a substantial  amount  of  preparation 
is  required  before  Theorem  9 can  be  proved,  or  even 
stated.  We  must  first  introduce  and  apply  several 
concepts  (but  no  theorems)  from  the  theory  of  linear 
graphs.  We  quote  from  Rioraan  |j3,  p.  10&3  the  defi- 
nitions we  shall  use. 

Definitions . A linear  graph  is  a collection 
of  points , and  a collection  of  links  or  pairs  of  points 
v/hich  describes  the  connections  of  points;  a collec- 
tion of  n discrete  points  (without  connecting  links) 
is  a graph  and,  at  the  other  extreme,  a collection 
of  n points,  each  pair  of  which  is  joined  by  a link 
[so  that  there  are  n(n  - l)/2  links  in  totalj  , is 
a graph,  the  complete  graph.  At  most  one  link  may 
join  two  points,  and  the  graph  has  no  links  joining 
points  to  themselves.  A cycle  of  a graph  is  a col- 
lection of  links  of  the  form  Q^Qg,  QgQ3,  ...  , 
where  designates  the  link  joining  points  Q,^  and 

Q . , and  Q,  , Q,  , ...  , Q,  are  distinct  points.  A 
J 12  k— 1 

path  is  a collection  of  links  of  the  form  QgQ,3, 

...  , Qk  Q^,  with  all  points  Q^,  Qg,  ...  , dis- 
tinct; then  the  path  is  said  to  connect  the  points 
Q,^  and  we  shall  abbreviate  the  notation  slightly, 
and  call  this  path  QjQg  • ••  Q,k* 
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Now  let  us  construct  a linear  graph  H to  serve 
as  a model  for  the  system  of  constraints  imposed  on 
a by  the  k - 1 interferences  ( i ^ , ( ig;  jg),  ...  , 

( ijc_i • Jk_1) . Let  H have  n points;  call  the  set  of 
points  of  H B = i = 1,  ...  , n},  and  let  us 

put  B into  one-to-one  correspondence  with  the  set 
of  n components  of  the  fixed  n-tuple  b,  and  simulta- 
neously into  one-to-one  correspondence  with  the  set 
of  n components  of  the  variable  n-tuple  a,  by  asso- 
ciating Q,a  with  b^  and  with  a^  for  each  i, 
i s 1,  2,  ...  , n.  In  conformity  with  this  correspond- 
ence, let  H have  k - 1 links,  chosen  so  that  Q,^Q,j 
is  a link  of  H if  and  only  if  ( i ; j ) is  one  of  the 
k - 1 interferences  (i^j  (i2;  Jg) , ...  , 


(i^.^;  . We  emphasize  that  the  linear  graph 

H will  be  considered  fixed  throughout  the  present 

section.  Two  points  and  Q,j  will  be  said  to  be 

connected  by  a path  C = QjQ0Qe  •••  QzQj  if  Q*.  Qc » Qe, 

...  , Q,  , Q,  are  distinct  points  (that  is,  if  C is 
z J 


free  of  cycles),  and  if  Q^,  QcQ.e,  .. 
links  chosen  from  among  the  k - 1 links  of  H.  If 


• Vj  ere 


Q,^  and  Q, ^ are  connected  by  such  a path  C,  let 


d(C)  = d( ice  ...  z j ) * (b1,  bQ,  be, 

v/here  b 

of  b corresponding  respectively  to  the  points 


» b2*  * 


, b , b , ...  ,b,b  are  the  components 

1.  C G Z j 


fti»  ftc» 


, Qz,  Qj  of  B. 
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Nov/  we  define  e relation  R with  domain  G0  and 
with  range  the  class  of  all  subsets  of  B. 

Definition.  A member  a of  will  be  said  to 
be  R -related  to  a subset  A of  B,  in  symbols  a R A, 
if  and  only  if,  for  every  pair  Qj}-  of  distinct 

members  of  A,  and  for  every  path  C connecting  Q,j_  and 
Qj  (C  not  confined  to  A,  but  the  links  of  C confined 
to  those  of  H)  , a^  = a^  mod  d(C)  , v/here  a^  and  aj 
correspond  respectively  to  and  Q,j  under  the  corre- 
spondence between  components  and  points. 

If  A * Qj,  ...  , Qz}  is  a proper  subset 

of  B,  v/e  notice  that  the  truth  or  falsity  of  a R A 
is  determined  as  soon  as  numerical  values  of  the  com- 
ponents a.p  Bj,  ...  , az  of  a are  specified;  that 

is,  if  a^  and  a2  are  two  members  of  GQ  such  that 

1..2  .lso2  b1  _ 


ai  = ai»  aj  = aJ az 


a^,  then  the  statements 
z 


R A and  a 2 R A are  both  true  or  both  false. 

Theorem  8.  Let  A = {q,^,  Q,j  , ...  , Qz^  be  a non- 
empty proper  subset  of  B.  If  numerical  values  of 
ai’  ay  ***  ’ az  ^ave  keen  chosen  so  that  a R A,  then 
numerical  values  for  the  remaining  components  of  a 
can  be  chosen  so  that  a R B. 

Proof:  In  order  to  simplify  notation,  v/e  shall 

prove  the  theorem  for  a subset  A of  the  specific  form 

At-1  = {Ql»  Q2’  * Cit-1^‘  Wh6re  2 ~ 1 - n*  This 

restriction  involves  no  loss  of  generality,  because 

any  non-empty  proper  subset  A of  B can  be  brought 
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into  the  form  for  some  t by  an  appropriate  relabel- 

ling of  indices;  it  is  understood  that,  in  order  to 
preserve  the  correspondence  between  components  and 
points,  the  same  relabelling  is  applied  simultaneously 
to  the  components  of  a and  of  b and  to  the  indices 
appearing  in  the  symbols  (i;  j ) defining  the  links 
of  H.  Thus  the  relabelling  is  purely  a matter  of 
notational  convenience;  in  particular,  we  are  still 
dealing  with  the  same  fixed  set  of  k - 1 interferences, 
and  with  the  same  fixed  linear  graph  H. 

We  notice  further  that  the  truth  of  the  theorem 
will  follow  if,  for  arbitrary  t,  2 It  { n,  we  demon- 
strate the  possibility  of  a single  inductive  step; 
that  is,  if  we  show  that,  when  numerical  values  of 
a-^,  a^,  ...  , a^_  have  been  chosen  so  that  a R 
then  a numerical  value  for  a^.  can  be  chosen  so  that 
a R A^. 


Thus  fix  t and  suppose  that  numerical  values 


of  a. 


a 


, • • • , 


a have  been  chosen  so  that  a R A.  , . 
t — 1 t»— X 


1*  ”2 

Let  the  number  of  paths  in  H connecting  Q,t  and  Q,^ 
be  q.,  i - 1,  2,  ...  ,t-l.  Then  a R A^  if  can 
be  chosen  to  satisfy  the  following  system  of 
u s Q.j_  ♦ * •••  ♦ <Lj.  congruences: 

(7)  atsai  mod  cL(cP.);  p*l,2, . . . , q.^  5 i«l,2, . . . ,t-l; 
where  C*\  is  the  pth  of  the  paths  connecting 
and  Q^.  If  u ° 0,  then  no  restriction  is  imposed 
on  a^,  and  it  suffices  to  take  at  = 0.  If  u = 1, 
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(8) 


it  suffices  to  choose  to  satisfy  a single  congru- 
ence (7);  this  can  be  done  because  d(C^)  < b^.  If 
u 2,  then,  by  Theorem  2,  a^  can  be  chosen  to  sat- 
isfy the  system  (7)  provided  a^,  ag,  ...  , a^  sat- 
isfy the  following  system  of  congruences: 
ai  5 a^  mod  ( d (C^)  • d(c£  ) ) J 
) m 1*2, “ 1)2,  .. . iQj  | i » j **  1*2, .. . , t-1. 
Some  of  the  congruences  appearing  in  (8)  may 
be  trivial;  let  us  dispose  of  them  first.  If  q.j_  2, 
then  there  exist  pairs  of  congruences  in  (7)  both 
of  the  form  a.  s a,  , though  with  possibly  different 

u X 

moduli,  and  the  congruence  of  the  system  (8)  corre- 
sponding to  such  a pair  is  of  the  form  ai  s a^,  which 
holds  to  any  modulus . 

Having  disposed  of  the  trivial  cases,  let  us 
seek  to  establish  an  arbitrarily  chosen  congruence 
of  the  system  (8),  with  i J-  j.  Having  chosen  one 
of  the  congruences,  we  may  omit  the  superscripts  p 
and  r in  the  symbols  for  the  two  paths  involved. 

Let  us  now  regard  as  a directed  path  from  to 

and  j as  a directed  path  from  Qt  to  Qj , and  indi- 
cate a reversal  of  direction  by  a transposition  of 
subscripts.  We  can  find  in  H a path  connecting 

^i  t0  aS  follov;s*  Let  Sn  be  the  first  P°int  of 

C that  is  also  a point  of  C . ; there  exists  at  least 
it  b J 

one  common  point,  for  Q,^  is  one.  Let  be  the  path 
described  by  following  C.^  from  to  Q^,  then 
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is  the  first  point  of  C^t  that  is  also 

a point  of  Ct j ; also,  since  every  link  of 

a link  of  Cit  or  of  C , the  links  of  C, . 

Xb  tj  lj 


following  from  to  (counting  itself  only 
once,  of  course).  Then,  because  of  the  choice  of 
Q^,  satisfies  the  defining  conditions  for  a path; 
it  is  free  of  cycles  because  Cj^  and  are,  and 
because  ( 

m it: 

is  either 
are  chosen 

from  among  those  of  H. 

Nov/  the  chosen  congruence  of  the  system  (8)  asserts 
that  a^  - aj  is  divisible  by  (d(Ct^),  d ( j ) ) - But 
this  congruence  does,  in  fact,  hold,  for  the  hypoth- 
esis that  a R assures  that  a^  - a^  is  divisible 

by  d(C^);  then  d(C^),  in  turn,  is  divisible  by 
(d(C^.^),  d(Ctj))  since  the  bp  appearing  in  dfC^) 
are  a subset  of  those  appearing  in  (d(Ctl),  d ( C^.  j ) ) • 

Thus  the  whole  system  of  congruences  (8)  holds, 
so  the  congruences  of  the  system  (7)  have  a common 
solution  a-j..  Since  each  of  the  u moduli  in  the  sys- 
tem (7)  divides  b^,  so  does  their  least  common  mul- 
tiple, and  Theorem  2 then  assures  us  that  a^  can  be 
chosen  in  the  interval  0 < a^  < b^.  This  completes 
the  proof  of  Theorem  8. 

Now  consider  the  interference  (i^;  Jk) . Let 

the  points  Q.  and  Q.  be  connected  (still  in  the 
xk  Jk 

fixed  linear  graph  H having  only  k - 1 links)  by  exactly 
q paths  C^,  Cg,  , C . We  shall  define  a positive 

integer  fk  as  follows.  If  q = 0,  let  fk  = 1. 
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If  q > 0 and  Cr  = Qj.  Q0Qe 

dr  " d^Cr^  * d(ikce* • *zJk) 

b , * • • « b 
6 


where  b.  , b , 
1k  0 


uz»  ui 


QzQjk*  let 

(bik,bo»be bz’bJk)* 

b,  correspond  respec- 
k 


tively  to  Q , Q , Q , ...  , 0,  Q under  the  cor- 
ik  c e 2 Jk 

respondence  between  components  and  points,  and  let 


fk  = tdl»  d2»  * dq]  * 

Theorem  9.  The  value  of  the  index  h^  of  Q} 
in  Gk_>1  is 


(9)  hk  = d(ikjk)/fk. 

Proof ; According  to  Lemma  6,  the  subgroup  Gk 

induces  a decomposition  of  Gk_-^  into  h^  cosets  of 

1 2 

equal  size.  Since  two  members  a_  and  a of  &k_p 

belong  to  Gk  if  and  only  if 

a}  - a}  = a?  - a2.  3 0 mod  d ( iv J v ) , 
xk  Jk  xk  Jk 

it  follows  from  the  definition  of  a coset  that  two 

ct  4. 

members  au  and  a_  of  Gk_^  belong  to  the  same  coset 

relative  to  Gk  if  and  only  if 

a3  -a?  = a^  - a^  mod  d(i  j ), 

k Jk  k Jk  K ^ 

that  is,  if  and  only  if  a?  - a?  and  a<  - a^  belong 

xk  Jk  xk  Jk 

to  the  same  residue  class  modulo  d(ikJk)» 

Among  the  residues  of  a^  - a^  modulo  d(ikjk) 

k k 

for  the  various  members  a of  Gk_p»  there  is  some  least 

positive  residue  gk  unless  a^  “ aj  50  mod  d^k^k^ 

k k 

for  all  a^  in  Gk_1,  in  which  case  Gk  » Gk-1  and  we 
take  gk  = d(lk^k^’  ln  el'fclier  c&se»  ty  the  closure 
property  of  the  group  Gk_p»  there  is  a coset  corre- 
sponding to  each  of  the  residues 
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0,  gk,  2gk>  ...  , d(i  Jk)  - gk,  and  only  to  these, 

for  the  existence  of  a member  a of  0,  for  which 

— k-1 


division  of  a 
der  would  show  that  remainder  to  be  a smaller  resi- 


. - a,  by  g.  left  a positive  remain- 

xk  Jk  K 


due  than  gk,  contradicting  the  definition  of  gk« 

Therefore  hk  = dUk;)k)/sk* 

We  shall  prove  that  the  positive  integer  fk  defined 

just  before  the  statement  of  the  theorem  divides 

a.  - a.  for  every  a in  G>,  , , and  it  will  follow 
xk  Jk  “ 

that  fk  divides  the  least  positive  residue  g^.  We 

shall  prove  also  that  a£  " aj  5 fk  mod  d ( ^-k Jk ) for 

k k 

some  a°  in  Gk  , , and  it  will  follow,  as  we  have  just 
seen,  that  fk  must  be  a multiple  of  the  least  posi- 
tive residue  gk<  From  the  mutual  divisibility  of 
the  positive  integers  fk  and  gk  it  will  then  follow 
that  f k = gk , and  hence  that  ( 9 ) holds . 

If  q = 0,  then  fk  = 1,  which  divides  a,  - a. 

xk  Jk 

for  every  a in  If  q > 0,  then,  along  any  path 


k 

- a 


-a.  may  be  decomposed  as 

Jk 


a - a.  - (a  - a ) + (a  - a ) ♦ ...  ♦ (a  - a.  ), 
ik  Jk  ik  c c e z ^k 

and  since,  for  a in  Gk_]_»  each  term  au  - ay  in  this 

sum  is  divisible  by  d(uv)  , we  have  that  a.,  - a. 

k Jk 

is  divisible  by  (d(ikc),  d(ce),  ...  , d(zjk))  = dr . 


Since  a, 


- a 


Op, 


is  thus  divisible  by  dr  for  each  path 

mul- 


k *^k 

- a.  is  divisible  by  the  least  common 
k Jk 
tiple  of  the  dr,  namely  fk> 
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To  construct  a0,  notice  first  that  b,  is  divis- 

K 

ible  by  each  dr,  hence  by  their  least  common  multi- 
ple f,  (or  by  f.  = l if  q s o).  Then  fk  ^ b^  . Let 


a 


= f,  if  f,  < b,  , and  let  a?  = 0 if  f,  ■ b 
xk 


it  * 


ik  k k ik  ik  k Ak 

let  a^  = 0.  Then  a£  - = fk  mod  d. ( ikJk ) in  either 

k k k 

of  the  possible  cases  for  fk;  if  fk  < b^  , the  con- 

k 

gruence  holds  as  an  equality,  and  if  fv  ■ bj  , the 

k ±k 

congruence  holds  because  a9  - a?  =0  and  because 

xk  Jk 

d ( ik ^k ) divides  bi  • 

JC 

It  remains  to  choose  the  remaining  components 

of  a°  so  as  to  assure  that  a°  belongs  to  Gk_^.  Let 

A = {q.  , Q.  "V.  Then  a0  R A;  if  q * 0,  the  relation 
1k  ^ k ^ 

holds  vacuously,  and  if  q > 0,  it  holds  because  fk 
(or  zero  if  fk  ■ b^  ) is  divisible  by  every  dr.  In 
either  case,  according  to  Theorem  8 the  remaining 
components  of  a_°  can  then  be  chosen  so  that  a0  R B. 

This  is  a sufficient  condition  for  a°  to  belong  to 
Gk  , for  the  relation  a0  R B,  which  imposes  for  every 
path  C in  H connecting  points  and  Q,^  of  B the  con- 
dition that  a£  s a°  mod  d(C),  imposes  the  condition 
in  particular  for  the  k - 1 paths  each  consisting 
of  a single  link;  and  the  conditions  for  these  k - 1 
paths  specialize  precisely  to  the  k - 1 conditions 


a 


s a0 


mod  d( i j ),p—  1,  2,  •••  ,k— 1, 


LP  •'P  P p 

assuring  that  a°  belongs  to  Gk_-^.  This  completes 

the  proof  of  Theorem  9. 


SECTION  7 


ILLUSTRATIVE  COMPUTATION 


We  illustrate  the  application  of  Theorems  7 and 
9 by  evaluating 

N( (1;  2) ( 1;  4) ( 1;  5)(2;  3)(3;  4)(3;  5)(4;  5)) 

when  n = 5.  For  k * 1,  the  linear  graph  H is  the 

discrete  graph  with  k - 1 = 0 links;  then  f^  = 1, 

and,  by  (9),  h-^  = d(i1J1)/f1  ■ d(12).  For  k * 2, 

H has  k - 1 = 1 link  Q,^Q,g»  but  no  path  connects 

Q.  = and  Q,  - Q. ; then  f * 1 and 
12  x J2  4 * 
hg  = d^i2*^2^f2  " d(14)»  For  k = 3,  H has  k - 1 = 2 

links  Q.jQ,g  and  Q^Q^,  no  Path  connects 

and  Qj  = Q&;  then  a 1 and  hg  = dUgJ3)/f3  = d(15). 


3 links  Q,pQ,g > Q.1Q4  * Q-1Q5  * 

4 


For  k = 4,  H has  k - 1 

but  no  path  connects  Q.  = Q~  and  Q.  * Q_;  then 

14  * ^4  0 

f4  = 1 and  h4  = d(i4J4)/f4  = d(23).  For  k - 5,  H 

has  k - 1 = 4 links  Q^Qg,  QpQ4,  Q.pQ.5*  and*  in 

* 

this  graph,  Q.  - Q,„  and  Q.  * Q are  connected  by 
the  path  Q.3Q2Q1Q4;  then  f5  * d(3214),  and,  by  (9), 
h5  = d(i&J5)/f5  = d(34)/d(3214) . For  k * 6,  H has 
the  links  already  mentioned  and  the  link  Q,3Q,4;  in 
this  graph,  » Q,3  and  Q,  » are  connected  by 

the  paths  Q-3^,2^'1^5  a^^  ^,3^,4^1^5  * then 
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f6  = [d(3215),  d ( 3415)]  and 

h6  * d(i6J6)//f6  * d(35)/[d(3215)  , d(3415)]. 

For  k * 7 , H has  the  links  already  mentioned  and  the 
link  Q3Q5;  in  this  graph,  Q.  « Q and  Q.  - Q are 

y **  J rj  O 

connected  by  the  paths  Q4Q,1Q,5 , ^4Q3Q5,  Q4Q1Q2^5» 
and  Q-4Q’3Q.gQ.j_Q.g  * then 

= [d(4l5) , d ( 435) , d(41235),  d(43215)]  and 
h?  s d(i7j7)/f?  - d(45)/[d(415),  d ( 435)  , d(41235),  d(43215)]. 

The  associative  and  commutative  laws  for  the 
operations  least  common  multiple  and  greatest  common 
divisor,  together  with  the  identities 

[p.  J * PQ./(P,  q)  , [p,  pq]  = pq,  (p,  pq)  = p, 
which  hold  for  all  positive  integers  p and  q,  permit 
the  indices  appearing  to  be  brought  into  lexicographic 
order  and  the  f^  to  be  simplified  to  a form  in  which 
only  greatest  common  divisors  appear.  Thus,  by  the 


associative  and  commutative  laws  alone,  f5  * d(1234). 
By  these  laws  together  with  the  identities, 


f6  = [d(1235),  d(  1345 )J 

d(1235)d( 1345) 

" ( &( 1235 ) , a ( 1345 ) ) 


d( 1235) d( 1345) 


TTI2MFT 

[d(145),  d(  345)  , d(12345)]  « [d(145),  d(345)] 


d(145)d(345)  d(l45)d( 

WW!  d(34S)  ) • ~ af  1345 


345) 


Having  simplified  the  fk  as  far  as  possible, 
we  substitute  the  corresponding  hfc  = d(ikJk)/fk  into 
(6),  obtaining 
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N((l;  2) ( 1;  4) ( 1;  5)(2;  3)(3;  4)(3;  5)(4;  5)) 


= b 


,d( 1234)  d( 1235) d( 1345)  d(145)d(345) 
d(34)  d ( 12345 )d( 35)  d(l345)d(45) 


■ b 


A check  on  the  final  expression  is  provided  by  noting 
that,  like  the  set  of  specified  interferences,  it 
is  invariant  under  transposition  of  symbols  1 and 
3,  and  likewise  under  transposition  of  4 and  5. 

A more  tedious  check  would  be  to  repeat  the  calcula- 
tion, specifying  the  saEie  interferences  in  a differ- 
ent order. 


SECTION  8 


EXPLICIT  FORMULAS  FOR  F (b) 

We  exhibit  expressions  for  Fn(_b)  , n = 1,  2,  3,  4. 
They  are  obtained  by  substitution  in  (5),  with  indi- 
vidual terms  being  evaluated  as  in  Section  7. 

Fx(b)  - b1, 

F2(b)  - bxb2{l  - 1/d (12)}  = bxb2  - [b1,  bj, 

F3(b)  = b^b^l  - [ a ( IS ) 4 d(l3)  4 cL('23)] 

4 [dlTF)T(T3T  4 'd"(T2ldT23)"  4 d"(T3)d(23)] 
d( 123)  \ 

TOafStOTJ’ 

F4(b)  = b1b2b3b4{i  - - xfey  * 3TT47 

. l . l . l 1 
TT23T  dWT  dTWJ 

4 [tiwU'S)  * ^TS7T(T47  4 dTTS7dT23) 

♦ 1 «.  l * i 

d ( 12 ) d ( 24)  T(T2lT(T47  d(13}d(14) 

. 1 . 1 . 1 

d(l3)d(23)  c^TSTdTSTT  all'STd'CS’i")" 

4 dTr4l'd'(2'3)  4 d-(T4rd"(24)'  4 d'(T4)"d'("3'4) 

1 1 1 1 
4 djinrraw)  * aiEsrawj  + dTMiriwJ 

_ T 1 * d( 123) 

Lg~(irrd'(T3')d(14)  hrir)  dU3Td(  231 
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1 . 1 
'd(l2)'d'(T3Td"(W  d(12)d(13)d(34y 

1 . d( 124) 

d(  l2)d(l4’)d('S3")  d(12)d(14)d(24) 

1 . 1 
d(  12)  d(  14)d(  34)  d(12)d(23)d(24~) 

1.1 

ddSydTSSTd'W  d ( 12 )d ( 2'4")"J(347' 

1 , 1 
d ( 13')  d(i4)'d-(  237  d(i3yd'(i4y(Tr24y 

d(lS?ltl4'i'dlT54T  * d(13)d'('2S,)"a‘('24T 

1 . 1 
d'(13)dC231'c[TW  d(13)d(24)'dTW 

l . i 

d(14)d(23yd(r4y  * d(l4)d'(  23)1(347 

1 . d( 234)  1 

d ( 2 3 ) d'(  24’)’d"(~34T J 

d ( 123)  , d( 124) 

_d  ( 12 ) d ( 13 ) d|14')T('2‘3T  d(l2)d(13ydTi4Td(24) 

d(134)  . d( 123) 

d(  12 ) d"( l3')d,(l4  ) d'('34T  d ( 12 ) d ( 13 ) d ( 2 3 ) d ( 24 ) 

d( 123)  , d( 1234) 

d ( i2ya'("i'3')"crr2'3i'aT3?r  d ( 12)  d(  win" strarsiy 

d ( 124 ) d( 1234) 

d ( 12 ) d( 14 ) d( 2$) d( 24)  d( 12 ) d( l4)d( 23) d ( 34) 

d( 124)  , d( 234) 

d(12)dTltfdTF^dT34T  * 34) 

d( 1234 ) d{ 134) 

d'(  r3')'d_(T4yd'(  ,2'3T'dT24T  + d(l3)  d(l4lTr23TdT34) 

d ( 134)  . d( 234) 

d(13)d(  l4ld'(  kydT3lT  d ( 13 ) d ( 2 3 ) dT24Td  ( '34 ) 

d(234)  1 

d(i4ydT23yark')-dT3"4Tj 


d( 123) d( 124) 

d ( 12 ) d ( 13 ) d"(  14 ) d ( 2 3 ) d ( '2'41 
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d ( 123) d( 134) 

d ( i£ ) d ( IS ) "d  [ 14 ) d ( 2 $ ) d ( &4 ) 


d( 124) d( 134) 

+ SH2Ta‘(  T3Td'(  it)  Slfen  -£(347 
d(123)d(234) 

+ dTirrff[i^TdTS-STdTkTd-(3'4T 


d(124)d(234) 

a'(  12yd  civ)  dii3TaT247Ti34  r 

d(134)d(234) 

a"(  iTrark)  dfitTiwrarsiT 

d ( 123 ) d ( 124 ) d ( 134 ) d ( 234 ) 1 

I CT2Td'(  13")  di  T4")  'd  ( 2 2]  d"(  24  m 34lTri2‘ 34T  j 


SECTION  9 
NUMERICAL  EXAMPLE 

The  formulas  of  the  preceding  section  may  be 
made  even  more  concrete  by  substituting  specific  numer- 
ical values.  Thus,  let  n = 3,  b-^  * 6,  bg  *»  10,  b3  * 15. 

Then  d(12)  = 2,  d(13)  * 3,  d(23)  - 5,  d(123)  » 1, 

rs({6,  10,  15} ) s 6-10-15{l  * [jj  ♦ 3 ♦ 5] 

* ♦ ^75  ♦ 375]  ‘ 3^5} 

= 900  {(30  - 15  - 10  - 6 ♦ 5 ♦ 3 ♦ £ - l)/3o} 
» 30  *8  = 240. 


It  can  be  proved  by  induction  on  n that  the  sub- 
group, say  J,  of  GQ  consisting  of  those  members  of 
GQ  which  exhibit  all  possible  interferences  is  the 
cyclic  subgroup  of  order  £blf  bg,  ...  , bnJ  generated 

by  {l,  1 l}.  Clearly  two  members  of  a coset 

relative  to  I exhibit  precisely  the  same  interferences. 
In  the  present  numerical  example,  the  subset  T of 
GQ  whose  members  exhibit  no  interferences  is  the  union 
of  eight  such  cosets.  The  following  list  shows  one 
representative  from  each  of  these  eight  cosets: 


{0,  1,  £>,  {0,  1,  4},  {0,  1,  5^  , {0,  1,  7}, 

{0,  1,  e},  {0,  1,  10},  {0,  1,  13>,  {0,  1,  14}. 
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The  full  set  T,  with  240  members,  is  then  obtained 
by  adding  multiples  of  (i.  i.  i?  to  these  eight 
triples . 


SECTION  10 


A REDUCTION  PRINCIPLE 

Since  there  are  gn(n-l)/2  terns  in  the  general 

formula  (5)  for  F (b),  and  since  the  individual  terms 

n — 

become  more  complicated  as  n increases,  evaluation 
of  ?n(b)  by  direct  substitution  in  (5)  soon  becomes 
prohibitively  tedious.  In  some  cases  the  following 
reduction  principle  permits  an  abbreviated  calcula- 
tion. 

Theorem  10  (Reduction  principle).  If 

■^m^bi  » > •••  i b *0,  where  {i-^,  ig»  •••  > i^} 

1 2 xm 

is  an  m- tuple  of  distinct  positive  integers  none  of 
which  exceeds  n,  then  Fn(b)  = 0. 

Proof : The  hypothesis  implies  that  each  a in 

G-0  exhibits  at  least  one  of  the  m(m  - l)/2  interfer- 
ences (i1;  ig) , (ix;  i3) , ...  , ( im-15  • Then 

each  a in  Gc  exhibits  at  least  one  interference  chosen 
from  the  full  set  of  n(n  - l)/2  interferences,  so 
that  Fn(b)  = 0,  q.  e.  d. 

Theorem  11.  If  d(ij)  * 1 for  some  pair  {i.  j}. 
i / j , then  Fn(b)  * 0. 

Proof : If  d(ij)  * 1,  then,  according  to  Section 
8,  Fg({bif  bj})  * 0.  Then  Fn(b)  « 0 by  Theorem  10. 
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Theorem  12.  If  b-^  » bg  ■ ...  - bn  * b,  say,  then 
(10)  Fn(b)  = b(b  - 1) (b  - 2)  ...  (b  - n ♦ 1). 

Proof:  can  be  chosen  in  b ways.  This  choice 

made,  ag  can  be  chosen  in  b - 1 ways  to  avoid  inter- 
ference, and  so  on.  If  b — n,  the  process  can  be 
continued  until  finally  an  can  be  chosen  in  b - n ♦ 1 
ways.  Thus,  (10)  is  correct  if  b 1 n.  If  b < n, 
however,  there  exists  no  (b  ♦ 1) -tuple 
{a-p  ag,  ...  , of  distinct  integers  all  satis- 

fying 0 fijL  ^ b.  Then  Fbfl^bl»  b2‘  *•*  * bb+l^  = °* 
so,  by  Theorem  10,  F (b)  *=0.  On  the  other  hand, 
if  b < n,  one  of  the  factors  on  the  right-hand  side 
of  (10)  is  zero,  so  that  (10)  yields  the  correct  result. 
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